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AT SUBSONIC SPEEDS 1

By JOHN DEYOUW

that ht4ude8 q$eck of
c0mpre88-Wity and apanui8e rariation of 8eiition J@-c&v slo~
is uwd to -pro&e chart8 with which antisymmetric loading due
to arbitrary ani%yzwndric angle of attack can be found for
w“ng8 hum”ng ~mmeti+ plan fm with a cmwtmd spanun”ae
sweep angle of t~ warter-chord line. Cmwidemiion is giren
to the jlm”ble uxkg in TOIL Aerodynamic chmaoteriatics due to
rolling, dejected ailerons, and m“de81ip of uing8 with dihedral
am considered. flotut’ion8 are pre8ented for 8tra@it4apeTed
wing8 for a range of swept plan forms.

LITRODUCTION

Reference 1has been for many ~ears the standard reference
for estimating the stability and control eha.racteristics of
wings. The Wing-line theory on which this work was
based gave generalIy satisfactory results for straight wings
having the aspect ratios considered; however, the use of wing
sweep combined with low aspect ratio has made an extension
of this -work desirable. Lifting-Iine theory camnot ade-
quately account for the increased induction efleot.sidue to
sweep and low aspect ratio; oonsequentIy, it IUWbeen found
necessary to turn ta the more complex Ming-surfaoe theories.

Of the many possible procedures, a simplMed lifting-
surface theory proposed by Weissinger and further developed
and extended in reference 2 has been found especially suited
to the rapid computation of characteristics of wings of
arbitrary plan form.” Compa.tine with experiment have
generally vefied the theoretical predictions. k reference
2, this method has been used to compute for plaQ unilapped
wings, the aemdpmnic characteristics dependent on sym-
metric loading. The same fiphfied Eftiug+m-face theory
can be extended to predict the span loading resulting from
antispnmetric 2 distribution of the wing angle of attack
From such loadings the damping moment due ta roIIing,
the rolling moment due to deflected ailerom, and the rding
moment due to dihedral ang~ewith the wing in sideslip can
be determined. A recent publication (reference 3) makes
use of the simplified Iifting+mrface theory to find spazL-
loading characterieticaof straight+taperedswept wings in roll
and loding due to dihedral angle with the wing in sideslip.
Experimental checks of the theory for the d~ping-in-roll
coefMent and robg moment due to sideslip were very
favorable. The range of plan forms considered in reference

3 is somewhat limited and aileron effectiveness was not
iduded. The loading due ta aiIeron deflection normally

involves excessive labor when computed by means of the
simplified Ming-surface theory; however, development of
the theory, presented in reference 4, that deds with”flap and
aileron ei?ectivencss for low-aspect-ratio wings provides a
pieans by which the simplified Iifting-surfaoe method can be -
used to obtain spanwise Ioading due to aileron deflection. ~

It is the-purpose of the present.amdysis to provide simple
methods of finding antisymmetric loading and the associated -
aerodynamic coefhoients and derivatives for wings with sym- _
metric plan forms limited only by g straight quarter-chord
line over the semispan. Means will be presented for finding
quiokly the. aerod-ynamk coefficient of qmn loading due to
rolling, of span loading due to deflected ailerons, and of
span loading due ta sideslip of wings with dihedral. Fle.tible
wings, when the flexure depends principally on span loding
as in Ioading due to roIEug,can be included in the arudysis.

NOTATION

baapect ratio
(327

wing span mea&red
-etryy feet

wing ohord, feet a
aileron chord, feet 8

perpendicular h the plaue of
—

()mean wing chord ~ Yfeet a

‘oc~~’’%=rc:fit) ‘ .

induced drag coefficient
( )-

induced drag
(#7

rolhng-moment coefllcient
( )

rolIing moment
q~b

rolling moment due to rolling[J%hl’parafi
?)c1rolling moment due to aileron deflection

()m’
per radian

spanwise loading coficient for unit rolling moment

(–92A
Ct

scale factor
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factors of loading interpolation function
spanwise loading coefficient or dimensionless circu-

“’%)w., . .

spanwise loading coefficient due to rolling
(F&,)

—)

per radian

spanwise loading coefficient due.to aileron deflection”
Q()—.
(1

Jper radian

wing geometry, compressibility, and section lift-

[ (3(*)1curve-slope parameter d,

integration factors for spanwiseloading due to ailer-
ons

Mach number
arbitrary number of span ,stations defhed by

n’tr

‘=cosm+l
.

rate of rolling, radians per second .-
wing-tip helix angle, radians
ci)eflicieut depending on wing geometry and indi-

cating the influence of antisymmetric loading at
span station n on the downwash angle at span
station v

free-stream dynamic pressure, pounds per square
foot

wing area, square feet

()ratio of aileron chord to wing chord a ~

free-stream velocity, feet per sewnd “
induced velocity, normal to the lifting surface,

positive for ,downwash, feet per second
lateral coordinate measured from the wing root

perpendicular to the plane of symmetry, feet
section angle of attack at span station V,radians 8
angle of antis~etlric twist of the elastic wing

produced by the loading due to rolling, radians 8
rate of change of wing-section angle of a~tack with

control-surface angle for constant section lift
coefficient 8

compressibility parameter (~~)
angle of sideslip, radians
dihedral angle measured perpendicular to the plane

of symmetry, radians
spanwjse circdation, feet squared per second
angle of deflection of fuIl wing-chord control surface,

radians 8
ttngleof deflect,ionof full-wing-chord control surface,

measured perpendicular to the hinge line, radians

()dimensionlesslateral coordinate ~
b/2

—
: Measured Dh]d to the nlane of sm.runetry.

$’.

VC.P.

6

K,

A

A~

A

+

n, v

k
c. P.
a
t
T
R
CID

(aileron span
)

dimensionless aileron span —--—
b/2

spanwise center of pressure on ono wing panel

trigonometric spanwise coordinate +, indicating the
edge of the aileron span, radians

ratio of section lift-curve slope at a span station

v to ~r~ both at the same Mach mlmbcr
P

sweep angle of the wing quarter-chord line, positive
for sweepback, degrees

compressibility sweep-angle parameter

F-’c%w=r’es
(tip chord

taper ratio mot chord
)

trigonometric spanwiae~oordinatc (cos-l ~), radians

8US9CRIPTS

ihtegers pertaining to specific span stations given by

XK or q= cos CT~=cos ~
8

pertaining to span station k
center of pressure
aiIeron
pertaining to fraction-of-wing-chor{i ailerons
wing tip
wing root .
average or mean

DEVELOPMENT OF METHOD

The Simplfied lifting-surface method used herein replnccs
a lifting surface by a lifting vortex located at the wing onc-
quarter-chord line. The boundary condition for dctmnining
the vortex strength distribution specifies that, tdong AC
three-qu@ier-chord line of the wing, there shall be no flow
through the lifting surface. In effect, this specifies thtit, nt
the three-quarter-chord liie, the ratio of the vclocity normal
to the mean camber Ene (induced by the bound and trailing
vortices] to the velocity of the fre~ stream shtdI equal the
sine of the angle of attack.

Span loadings are theoretically additive. Since the sym-
metric angle-of-attack distribution contribu~ only to sym-
metric loading, it follows that the ant,isymrnetricloading is
independent of symmetrically distributmi wing twist or canl-
ber; hence, to fid antisynmetric loading, it is only necessary
to consider the loading rasulting form the tintk-vmmctric
distribution of the tingleof attack across tho wing span. In
the subject case, such a distribution is experienced by the
wing as induced angle due to rolling,4the cflective twist due
to aileron deflection, or sidcslip of the wing with dilmlrtd.

.-–.
~In mnsideikg theme of “tie engle Induced by rollhg as Wulvalent to en antfsymrnetric distribution ofMet,itmust h noted that amount should bo tahn of the frwt that a roll[ng wing

Ieams a twhted vortex trsfl; wherees a twisted wing does not. The dIflerenm In Induction efleeta on the wing of the stm.ight end twfebd ~ortex Is consldcrd Inskniflcant Iwre, M bns been
aeeumed in other enalyw.
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For an antisyrometric angle-of-attack distribution, the
loading distribution viilI be equal in absolute magnitude on
each semispan, but of opposite sign. The loading therefore
needs only to be found over the semispan, and, -since the
loading is zero at the wing root, only span stations outboard
need be considered. The mathematimI development of the
simp~ed hfting~urface method for the case of antisym-
metric loading is given in appendix & As shovin in appendix
A, (m-1)/2 Iinem equations in terms of loading distribution
are obtained which satisfy the wing angle-of-attack condi-
tioms at the tbreequarter-chord line at m stations n-,where
m is an &bitra.ry odd integer. These equations are repre-
sented by the summations

m—1
-7 ‘m-la,=~p,xQx, v=1,2,3, . . . —~ (1)
n=l

where
a,
pm

0.

antiqmunetric angle of attack at tig station r
coefficients that for a given -due of m depend on

ring geometry, compressibility, and section lift-
curve dope

loadin~ coefficients at span stations n
The applica~ion in appendix A of the present report is with

m=i. Siice the Ioading at the midspan station is kaomn to
be zero, consideration is required of only three stations:
n= 1, 2, 3, equal to wing semispan positions of q=COS (nTr/8)
=0.924; 0.707; and 0.383. Equation (1) thus becomes

a,=&,p,.G.,- P=l,2j3 (2)

where the integer P pertains to spau station q=COS (wr/8)
To obtain the loading coefficients G.= (clc/2b)s, it remains

ody to evaluate the coefficients p,m and the spantie
nriation of the antisymmetric angle of attack a,.

Evaluation- OBCOEFFKZZNTSQ,=

Since m is chosen, p,= becomes a function ody of wing
geometry, compressibility, and section lif&mn-veslope. The
efEects of compressibility and section lift-curve slope are
equivalent to a change in wing plan form’. and can be ac-
counted for by a pfiper adjustment of the P,Unlues. As

.- ——

sho-& in appendix B, p= can be conveniently presented as a
function of two parameters, nameI~, a compressible-sweep-
angle parameter defined as &=t.an-L (tan ii/19)and a param-
eter IL involving the ratio of wing span to wing chord and
variable section lift-curve slope, defied by

.—

(3) “

where
K, ratio of qerimental section lift-curve slope at span

station P to the theoretical value of %/@, bdh at the
. same Mach number

c, wing chord at span station P
The mike d, is a soak factor given by

4=0.061 for Y=l)

=0.234 for v=2
I

(4)

=0.381 for v=3 )

Equation (3) can be ,mitten in alternati-reform that gives
H, in terms of wing geometry parameters that are more
significant.; thus

(5)

where
K=w ratio of average section lift-curve slope to 2r//3

both at the same Mach number
KpfKan spanwise distribution of section lift-curve slope- “—

for a given Mach number
CJCU spauwise distribution of the wing chord
(BA/K=,) compressible aspect- ratio and average section

lift-curve-slope parwneter

The term
(Kr/Ka,~(f5,/C=,)

of equation (5) gires a-n effective

aemdynamk taper of a wing. The distribution of K,/&F DMby-’ -

vary tith Mach number, particularly at transonic speeds
(e. g., due ta span-wisevariation of airfoiI section]. However,’~
sirice the distribution contributes to taper effect, the loading
distribution and not. the total loading wilI be appreciably
affected.

‘i%th H, determined from equations (3) or (5) ~d (4), we
values of p,=, nine in all, are presented in figure 1 where pm is ““
given as a function of H, for various mdues of &.

J The reader sheuld note that the bann~ mndftion is glreu by w- I“sln U. from whf~ (6W), fs = te eq~ stn u.. The SrMtItutfonotu, forsln u. has the eff$et of fncreashgthe. ---
vdue OIIo@ng on the wtng ebrrve that newasary h s3thfy the hrndary eondkkm. Eowemr, the Lmndery condition was fked P~J that the shrd mrtkes momd dowmtream In the
extended olmrd pIe.ne. AmorereaIikIoplcture is obtained ff the vortices are aeaumed to mmedownrkeem tiahdzrmtalplrm efmrnthewfngtrdlfngedge. ItmnbesemreadUy that, ffth.k
OWHUS,tie Md mmponent of vAoelty indnced by the M at the tk+qmrterdmrd line k redried rind. if the bmmdery conditfonk to eontine te W ratkde~ the strength o[tbe bonnd
vortex rnrrst fnmease. It follows tbet snMitutkm of cc. for sln a, fhm hes the effect of amc+rntirrg forthebaudirrgupof thetmflingmrtiees. Iti9notlmo- howesmtthe~isrbnt
tbe mkuletfons and erperirnentel mrffldfon show It to be of the eomeet order.

~CornpressibIlfty and seetIon IMtarr’re slope are dkossed fn the seotferr “D W&on” snd in the appeildk B.

.
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For the case of straight-tapered wings with arbitrary
section lift-curve-slope distribution for which the chord
distribution is speciiled by taper ratio, evaluation of equation

(G/Gz)H~for eac]l of the t.hre.e(5) is given in figure 2 where. ~PwK~,)

span stations is shown as a function of taper ratio,

“EVALUATION OF ANTISYMMETRIC ANGLE-OF-A~ACK DISTI4IBUTION as

The antisymmetric angle-of-attack distributions most
commordy encountered are those resulting from rolling
wings, aiIeron deflection, and sideslip of wings with dihedral.
Evaluation of the angle-of-attack distributions for these
various casesis outlined in the sections immediatelymfollowing.

Rolling wings.—For the case of the rigid wing, the induced
velocity normal to the wing surface is equal to the upwash
velocity experienced by the rolling wing. Thus, .at span
station v

w, ()pb~,=—=— .—
v rJvTP (6)

where pb/2V is the tip helix angle. It should be notecl that
the relation given by equation (6) assumesthe wing structure
to be rigid in that therdistribution of a, is completely defined
by the linear distribution of helix angle. In the case of
flexible wings, however, the expressionfor a, must be modified
to account for the streamwiae angle-of-attack change w~ch
may occur due to bending or torsional deflectiom~. In this
case,

(7)

where Aa, represent the modif}-ing influence of flexibility
Normally, Aa, is not considered for strtiight wings since only
the effect of torsion (which is usually small) is involved.
On swept”wings, however, the effect of bending mm cause

. Aa, to be quite large so tlmt the a, distribution may be
affected considerably. Due to the interaction existing
between the aerodynamic and structural forces, Aa, cannot
be determined directly, but must be found though equations
of equilibrium or by iteratiou. With the loading for the
rigid wing provided, however, the itemtion prorcdurc
becomes relatively easy to apply. The first ~pproximation
of a, is found from the loading of the rigid wing nnd further
refinements of a, “may be found utilizing the successive
loadings for the flexible ying as determined

Deflected ailerons,—Where the spanwisc c!ist.ribution of
the angle a, is to be considered equivalent to antisymmctric
aileron deflection, it must sufler a discontinuity at the span-
wise end of the control surfuce. The Iowiing when such Q
discontinuity is present can be duplicatwi by n proper
distribution of antisymmetric twist. In appwdix (7, the
antiayxmnetric twist distribution rcquirwl by the present
theory to gi}-e ~ccurate span loading distribution (IUCto
aileronsis found with the aid of zero-aspect-JWtio wing theory
given by reference 4. To minimize the computtition irlvolvcd,.
it is convenient to consider both the case of outbmrt I and
inboard ailerons.

1. OutfxxzrdaiL5rons.—WithIn=7, three dii~went nilcron
spans can be conveniently defined for the outboard ailerons.
For the aileron spins n=,measured from the wing tip inboard,
the antisymmetric twist distribution required per unit
deflection of full-wing-chord ailerons, a,/~, is giVCInby

case

‘“ m “..

I II III

W* 0.109 0.44$ am

=1 LW am O.’aw
T- (0”.

% .017 t-w .951 .
T ,.

%.
—.

7
.mtl .014 .078

Inboard ailerons.—With m=7, three different aileron spnns
can be conveniently defined for the inboard tiilerons. For
the aileron sptms ~=measured from the wing midspan out-
board, the antisymmetric twist distribution required pm unit
deflection of full-wing-chord ailerons, a,/6, is given by

case Iv v w

V* O.L$!K o.m 1.OVJ

9 0.044 - 0.018 L 010
T (5)
% -.017 .%1 .W(l
%“

<
7

LOW 1.09s L 101
—. ~.-

Sideslip of wings with dihedraL-For calculating tho roll-
ing momen~~used by dihedral angle for the sidcslipping
wing, the effect of the skewness of the vortex field in altering
the effects of the dihedral angle w-N be assumed to be snmli
(ns assumed in reference 3). The problem then simplifies ta
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dnding the rolling moment due to antisymmetric @e of
attack -withthe unske-iiedvortex field. The edution to this
problem is the same m for the ailerons which has fdready been
edved.

The antisymmetic distribution of angle of attack for the
eidsslipping wing with dihedral is given by

~,= ~r (10)
where

effective angle-of-attack distribution
~ angle of siddip measured positive in the counterclock-

wise direction from t-heplane of s.ymmetzy
I’ dihedrxdangle

The wing parameter I’ is not affected by co~pressibility.
Equation (10) is approximate for small dues of p and I’.

For unit PI’ orer the span of the ailerons considered.

Fr=a (11)

cim be substituted for 6in equations (8) and (9).

APPLICATION OF IMETHOD

For the cases of antisynmetric angle-of-attack di&ibu-
tions resulting horn rolling, aderon deflection, or aideelipwith
dihedd, it is possible to present a set of simultaneous equa-
tions which are required for the solution of the load distribu-
tion for ah arbitrary plan form. Vlth the loading lmovm,
in@gration formulas can be given to determine aerodpyuuic
coefficient.
- The 1oading4istribution coefficient Q= determined horn
the solutions of the simultaneous equations, me functions of
P,. whic~ has been shown in a preceding w“ction to be a
function of wing geometry, compressibility, and section lift-
curve slope. The aerodpmnic coefficients are integrtitiom”
of the load distribution and, therefore, mill also be a function
of wing geometry, compreesibil.ky, and section Eft-cune-
slope parmeters. Application of the method to t-hegeneral
solution for arbitrary chord distribution is outlined and solti-
tione are presented for the case of straight taper.

GENERAL SOLUTI03i

Aerodynamic characteristics due to roIIing.-The solutions
for the aerodyuuic eflects due ta the rolhgg ming ~ be
found and loading, rol.lihgmoment, spsnwise center of pres-
sure, and induced drag will be obtained.

I. Simultaneous loading equutions.-The p,n values me
obtained from @ure 1 and tableI 7with ~alues of H, given by
equations (3) or (5).

The simukmeous equations (2), for the rigid and flesible

and
1

—0.924+$&=plI G1+P12WP18G

-0.707 +*V=’P= G+p22wP22Fa

,

—0.383+p:[~v—PaI—— a,+p*G,+p@a

13B

(13)

(7=~ and A~, is the incremental angle of attmck
:~ere ‘z pb12V
tiue to uero&&ie effects.

2 Loading distn”bution..-The Ioading-chetribut.ion coef-
ficient is given by G=cjc/2b. Other forms of the loading
coefllcient are given by the identities

(14)

The loading is know-n to be zero at ~=0 and 1 and is deter-
mined at three intermediate SPU statiom. -Valuesof loding
at other span stations can be obtained from a loading function
deri-red in appendix B or, with equations @23) or (B24) of
appendis B, the loading can be found at span pcwitiona
~=0.981, 0.831, 0.556, and 0.195.

3. Rolilng moment-—The dampin&in-roil deri~at.i~-efor the
solutions of equa.tione (12) or (13) is derived in appendix B
and given by

/3Cln 3-
@ [~s+o.yoy(I%+&)].—_ ()—~~ (15)

Km

4- Span.wigecenterof pressure.-T’he equation gbzing center
of pressure oh the wing sernispanis shown in appendis B to be

/3~,/&,
“.’.=flA (0.163 Q1+0.248@2+0.430Gd—

‘oo8’(%)1+0124t& )2+02’5(%)a ‘“)

5. Indwed drag.—The induced drag is derived in appenb-
B and gi~en by

Aerodynamic characteristics due- to aileron defleotion.—
The solutions for the aerodemmniceffects due to aiIerons vrill
be found for three different spans of outboard and inboard
ailerons. Cross plots of these data provide cur-ies for
arbitrary aiIeron spans.

1. Simultaneous [oading eguations.-The p,, values me
obtnined from figure 1 and table I -withAvalues of H, gi-ien
by equations (3) or (5).

(a) De.ffectedou#boaTdailerorw.-The ailerori spans mw-
ured from the wing tip inboard are given by q.. The simul-
taneous solution for tdisymmetric spa.mviseloading due to

.“
—

—.—

-—

7values of p,. beyond the scope of !&w I m tududed fu tabIe I. ForMues of EL kger than tbs included h fip I E@ fabre L ~ p~fiCIIITHCWJbeob~~ ~DI e~~~n ~~
whkh gives the Wear ~mptotea of the ~,. Mmtfom.
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deflection of any of the three following aileron spans can be
obtained from the appropriate set of the foIlowing equations:

1: II m

v. o. lea 0.444 O.&l&
a a

al
7 LC03 o.ml 0.6M ‘PllQi+@2+PM G

‘-c=L ~~~““:”.............
%..017““.993 :Wl” =p,~~+pma+~m~ (18)-i
:s
a .~6 .014 .Ii7s =PA+PJX+P?JZ

. . . . .

where ~== G=f&
(b) Dejected inboard aiJerons.-The aileron spans meas-

ured from the wing midspan outboard are given by q.. The
simultaneous solution for antispunetric spanwise lo&ling
due to deflection of arty of the three following aderon spans
can be obtained horn the appropriate set of the foIIowing
equations:

i_ ~,~ I ,V V“m” ;: ““”-” “;”:,< ,
. —

I Q. o.ha o.al LOX!

IT .1 .“ .

.— . .. .

~ a i4 o.Ola L 016 r=’ $=j?II 1+ P12Q2+P1 s8 ,,
a~
a -.017 .031 .m =P2&+Pz2WPz?a (19)

% 1.m; L 096 L 101 “=p,,a,+ia,i,+p,aizT

3/’ ““”-where R= G~ &
2. Loading distribution.—The spanwise loading distribu-

tions due to various aiIeron configurations include:
(a) Fu.Lun”ng-chordaib’ons.-The loading is known to be

zero at q= O and 1, and is determined at three &termediate
span stations. With equation (C1’3)and tables 06, Bl, and
C7, the loading can be found at span stations T= O.981,0.831,,
0.556, and 0.195. for each of the aileron spans considered.
With these given points and the knoyledge that the slope of
the loading distribution curve ia theoretically infinite at the
point of a.ngkof-attack discontinuity (aileron spanwise end),
the loading distribution can be faired.

(b) Constantfraction ojwing-ohord ailerons.-The spanwise
loading of constant fraction of wing-chord ailerons is equal to
the product of the loading due to fdking-chord ailerons and
the effective change of angle of attack with aileron angle,*
da/d& The factor daJd6is a function of the ratio of aiIeron
chord to wing chord t= CJC. The change of section angle of
attack with &leron angle dcz/d~is presented in figure 3, which
is reproduced from figure 18 of reference 5.

Although figure 3 taken from reference.5 limits the Mach
J~umberrange to hiach numbers less than 0.2, this limitation
is believed to be unwarranted since theory indicates thtit
da/d~is unslhcted by compressibility for the.. twc?-dimen~
sional wing. However, as indicated in reference 4, dafd8 is
strongIy affectid by low aspect ratio and will change appreci-
ably if the.parameter PA becomes much less than two; hence,
the values of da/d8from figure 3 appear to be valid for 19A>2.
~Inusing da/dd here, It should be noted that the aesumptlon fa made that the effective

airfoil eectfon is taken M being parallel to the plane of aymmem and that the aeotfon
appmaohes a twtiimenaionaf sedon. Ths validity of thla aasnmptfon can b questioned:
however, lfmfted cheeks wfth experiment show Mto be at least approximately mrrect.

● .6

Theory--
\

5

%“4

/ /

rtn --l
.2

.1

I 1 I
0 :.- .04 .08 ./2 f:” ..EU .24 2%3 .32

trafIIm-xlgaada aboutlW; I@M. Curves from rafaran~ 5. -

(c) Arbitray spanwise distribution oj aileron chord,—The
aileron can be divided into several spans wilh constant
d~d~, then the total loading is tlm sum of the producle of
the fulI-wing-chord loading of each span and its rcspcclivc
da/d&

3. Rolling moment.—The rolling moment run bc fmiid fur
the following aileron configurations:

(a) F@wing-chord aileron~.—The spanwise loading due lb
aileron deflection cannot be integrated with sd%cicnt
accuracy wit-h eq~lation (15). In appmdk e,, a sifnk

. integration formula is developed that applies to each given
aileron span. Equation (C1O) and table C5 give

..”

“(20)““

where for each of the cases of equations (18) and (19) J]!c
Anvalues are given by

--- ‘ -..
—

claw I. H m rv v VI

hl a MO 0.130 a 133 0.140
hl

a 141 Qlwl
. lW . IQa . lm .m . 1G7 . Me

ha . 14h . l$a .X35 .140 .183 ,140
-.. .

(b) Condantfraction of wing-chord aileron8.-For coushd
fraction of wing-chord ailerons with aileron t-tngk!uuvwurcd
parallel to the plane of symmetry, the aileron cffcwtiwuwssis
given .b~

flcJ~, da f@Ll

()
—_ —

‘n *
(21)

k

(c) Arbitray spa-nwisedi&ibuiion oj aileron chvrd.-Tlx
deflection of ailerons for which t va.fits span~isc OD h
wing can be considered as an equiva~ent~~ing-twistdishibu-
tion. The effective antisymrnetric twist of the wing is
given by

(22)
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where dctfd~is now a function of sparnvise position. The
antisymmetric angk-of-attack dist,rib”utiongiven by equation
(22) can be divided into spanwise steps of constant angle of
attack and the total roll@ momeht can be found by the
summation of the rd.ling moment due to each spamvise step.
The rolling moments of the spanwise steps are obtained from
a curve of rolling-moment coefficient ~CzJ~ as a function
of unit. a.ntispr.unetricangle of attack froin the wing root
outboard. This step method is the procedure. used in
reference 1.

A curve of 19ClJG, as a function of unit antisymmetric
angle of attack from the W& root outboard can be obtained
from the solutions of equation (19) for the cases IV, V, and
VI. An additional point can be obtained from the solution
of case III of equation (18), appl@g the, relations (dis-
cussed later) existing between inboard and outboard ailerons.
The rolI~~ moment due to the twist given by equation (22)
can be obtained, by a method other than the step method,
from the integral given by

(23)

vdz.ichcan be integrated numerically by taking the graphhd
slopes of BCra/G.which is a function of extent of unit anti-
symmet.ric angle of attack from the wing root outboard.

4. Spanun”secenter of pressure and induced drag.~pan-.
wise center of pressureand induced-drag integration fornmdaa
for loding due to aiIerons are not given; however, equations
(16) and (17) can give approximate integrations of the Ioad-
ing to obtain center of pressure and induced drag.

,5. Additional cow”derationx
(aj Rdation between am-odynamic churacteridics for aut-

hxmd and inboard aikrons.—llhe spanwise loading distribu-
tions due to outboard and inboard ailerons bear a simple
re~at.ionto each other. Since loading is linearly propor-
tional to angle of attack, loadings are directly additive.
Then, for outboard and inboard ailerons-with
ends of the ailerons at the same span station,

h;.= G(q=.l)—Go~b.wd

%nboard
= C,6,,=-,1 – C%=tbo=d

~~~~= 1 — ~~atb~ }

the spanwise

(24)

These relations do not apply for q.... and Cnf since these
chmackristics are not linearly proportional to loading.

(b) fifferefil aileron angl&?.-The effect of a &f&wntial
between aileron angles cam be taken into account by con-
sidering the Cl&of each wing paneI as one-half the smtisym-
metric remdts of equations (20), (21), or (23). The total
wing roiling moment is then the sum of the products of CIJ2
given by equations (20), (21), or (.23) and the angle of de-
flection of each aiIeron. Although the totaI rolling moment
can be found & this procedure, the spamrise loading distri-
bution c_gnbe found only approximately by the products of
the antis-pnnetric unit loading (3/3and the deflection of each
aiIeron. Ho-ivever, the loading distribution so found WWbe

quite accurate since t-hisprocedure neglects only the small
change due .to the inducd effects of the dihwntially differ-
ent opposite wing paneIs.

(c) Aileron angles measured perpendicular to the hinge
Jine.—The relationship between aileron angle measured per-
pemlicukm to the aileron hinge line and that measured . ..__
pamdlel to the phme of s-ymmetryis given by

(25)tan i==,

where.
At sweep angIe of the -deron hkge hne
J! angle measured perpendicukr”ta the hinge Iine --
F’or constant fraction of wing-chord ~erons on -sti~ght- _
tapered wings, & is given by .

4(o.75–t) 1–k
()

tan &=hUl &,4— ~ —l+A
. (Z6)

where t is the fraction of wing-chord aileron measured from
the wing trailing edge.

Aerodynamic characteristics due to sideslip of wings with
dihedral.-The totaI antis~etric loading due to sideslip
cam be considered as the sum of. that due to dihednd angIe
and that due to zero dihedral angle. For the unswept w-@,
the roiling moment due to sidesIip for zero dihedral’ angle is
generally considered negligible; however, for the s-weptwing,
this effect can be appreciable. Ii the present report, only
that part due ta dihed.d @e will be considered for the ..
swept and ncmsvreptwings.

1. Simultaneous loading eqMions.—The p,= -dues are
obtained from figure 1 and tqble I with w&es of Z given by
equations (3) or (5)., .,

The simdtaneous equations red@= from the substitu- ---
tion of 6=@ (see equation (11)) and G= G/Er in equations
(18) and (19) are applicable in the deterrninatioa of the
effecti of unit outboard or inboard dihedral angIe ovek the _
span of the aiIeronsconsidered.

2. RoL?ingmomtmL-The rolling moment due to -rmiow”
dihedral angle distributions include:

(a) Cmwtantspamuiee dihedral irngle.-For dihedral angle ‘-”
constant for the entire wing. semispan, the loa_c&g is given
by the soIution of case TT in equation (19) for ~=G/~r and
the roiling moment from equation (20) becomes

(b) GuL?ed”w@.-For the gulled wing, solutions of equa-
tion (19) for G= G/@ gives the Ioad& ~d the NW...

moment horn equation (20) becomes _
-.

(28)

A plot of the results of cases IV, V, and VI gives the extent..-—
of unit dihedral arigle from the -wingroot outbomd. Then,
for a gubl wing, the total rolhng moment equils the sum
of products of dihedral a.@e of each span section and the
rolling-moment contribution of the respective span sections.

(c) ‘Variable apanm”se dihedral angle.—If I’ varies span-
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wise, the rolling moment can be obtained by in@ration as
in euuation (23). The internal becomes

(29)

d(pc,#J’)
where

dq
is the slope of the curve described in

part (b) above.
SOLUTION FOE STRNGHT-TAPERED WINGS

Charts of aerodynamic characteristics for st.rai&-ta-
pered wings can be presented in ter~ of geometric} com-
pressibility, and average section lift-curve-slope parameters.
These charti provide a ready means of obtnining datn
directly.

Aerodynamic characteristics due to rolling,-The applica-
tion of equation (12) for a constant value of section lift-
curve -slopeeprovides the spanwise loadings at.span stations
0.383, 0.707, and 0.924 which are presented in figure 4 for a
wide range of plan forma. The inte~olation formula of
equation (1324) wiIl give vahw.s of loading due to rolling at
span stations other than those presented. With equation
(15), the damping-in-roll coefficients 13CJJG,m be obtiined
and are presented in figure 5 for a wide range of plan forms.

Aerodynamic characteristics due to aiIeron defleetion,—
The application of equation (19), case 111 of equation (18),
and equation (20) provide aileron effectiveness in the coeffi-
cient form 19CJK.0 for several aileron spans. In figure 6,

19C1JK=,is plotted against extent of unit antisymmetric angle
of attack from the wing semiapan root. outboard for a range
of wing parametms.

As presented, figure 6 gives directly the effectiveness of
full-wing-chord inboard ailerons for aileron spana meaaured
from the plane of symmetry outboard. The effectiveneaa
of full-wing-chord outboard ailerons for aileron spans meas-
ured from the wing tip inboard is given by fib 6 directly
by the relations of equation (24). For full-wing-chord
ailerons located arbitrarily on the wing eemiepan, the aileron
effectiveness can be obtained directly. from fi~re 6 as iKL~-—
cated in the following exanqie sketcl{.

/@cl.
K au

------------- ~-I-

-
1

0 i
V

With the full-wing-chord values given above, the effec-
tiveness of cunetant fraction of wing-chord aileronsor ailerons
of arbitrary spanwise chord distribution can be found through
use of equations (21) or (23) with the da/d~wdues of figure 3.

clfa’s%%w:~kwkgesp8rlwIs9 v8rIatfons ofxthatmow theamethr gfwn b,
, K.. k the conetmt sparrwke section MI curve slope or the average

equation (Bll) developed tn apfwndfx B, the parameters 6.4/.., and h can Imreplaad by tho

~ L r~ctlwly.‘eters (..+.r!f/ (1-l-h) ‘d .x For larFx apanwfse variations of R

that do not follow the curve of equatfon (BII), the simultaneous erinatfons for the gwneti
~g;o~ can be solved for arbhry distributions 04c, The FL values ran be obtafrred from

5

4

4

2

2

(d #-o.3s27.. . . .
c1c

FIGUItX4.–Tariatkm of lmdfns due to rofllng caffiefent ~ wfth wmpredbh SWMP

parameter Ap, dcgreq for etralgbt-taprred wfrrgs.
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FIoura4.-Contkmed.

Aerodynamic oharacteristios due to sideslip of wings with
dihedraL-The application of equaJion (19), ca.w HI of
equation (18), but with c?=@, and ~= G/@, and (he use of
equation (28) providea rolling moments due to dihedral anglo
for the wing in sideslip. Tlwe rolling moments are given
in the coefficient form fW#hI’ which is the satno function
of q as f@!J~, and is presented with t9CZ,/G,in fiiuro 6.
F~ure 6.vnth equation (29) will provide the rolling moment
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.
(c) q=o.9239.

FIIXIEE A<ondnda

due sidesIip for any symmetric spanwise distribution of
dihedral ang~e.

For dihedral angle constant spanwise, the ro~ikg moment
is given by the ,@ue at T=1 in figure 6. These dues for
constant span-wise dihedraI tmgle are presented in figure
7 m a function of aspect ratio for various dues of sweep
angle and taper ratio.

DISCUSSION

Effects of plan-fo~ parameters on aerodymunic charac-
taistics for straight-tapered wings are shown by plots against
the various parameters. Compr-ibility is discussed and
formulas given for a rmge of plan forms at sonic speeds.
Theoretical considerations and experimental comparisons
indicate the order of reliability of the present theoretical
results.

STEAIGHT-TAPFZtEC WINGS

The spamvim loading distribution due to robg for several
plan forma is presented in figure 8. These curves are the
result of applying figure 4 and the loading interpohdion
formula of appendix B. The loading coefficient is given as

()Ctc
.

~G.v.

(%.,.)A-O Ci%
to make the total loading on the semispan

constant emd thus show ,more clearly the changes of dis-
tribution due to sweep and taper ratio. Fiie 8 shows
large changes in loading distribution for the zero tapered
-wing. The effects of sweep. are generally as expected,
namely, that sweepbac.k shifts the loading outboard.

Effects of plan form on therolling moment due to rding is
shown from crow plots of @e 5 which arepresented iniigures
9 and 10. For higher aspect ratio, figures 4,9, and 10 show the
marked lowering of rolling moment due to sweep. Figure

-d-—u—H5

712 ~ - — - — -

.Lz7 -

.04
* (a) 6

AB

(a) X-O.

(b) A=02L

9 indicates that for low aspect ratio, the rolling moment
becomes essentially independent of sweep and taper. The.
taper Wects on rollirg moment as seen in @u.re 10 are
small except for -dues of taper ratio leas thin 0.25.

Typical spanwiae loading distiutions due to f@-ming-
chord aiIeron deflection are shown in figure 11. These-curves
were faired with the aid of the loading interpolation function
of apperidk C and, at the aileron spimtie end, care was
taken to make the slope Ia-~e.

Wing geometry effects on aiIeron effectiveness for full-.
chord outboard partial-span ailerons (with aileron angle
measured parallel to the phme of symimetry) are given in
&ure 12. The geometry effects on f?C,J/% are similar to
those on the damping-in-roil coefl%ient. Comparison of
figure 12- (a) with figure 9 shows that C,, approaches the
zero-aspect-ratio -value in t-he same manner as does Cl=.
Figure 13 gives comparative effectiveness of hiboag_ and
out-board aikrons for swept wings. As sweep increases, the
difference of eff~ctiveness between inboard and -o&

——
-.

. .-
.-

.
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board ailerons decreases showing that
highly swept-back wings approa@ the

inboard ailerons for
M ectiv8nK of out-

board ailerons. Since dafd~ becomes large rapidly at small
values of t (fig.3), then, for a given aileron area, narrow full-
span ailerons for swep~back wings may be more desirable
than larger-chord outboard ailerons. The relative effects of
figures 12 and 13 apply equally well for constant fraction of
chord ailerons, since the data would differ only by a constant
factor da/d&

COMPWSSIBILITY

I?rom the three-dimensional linearized-compressible-flow
equation, it can be shown that the effects of compressibility
will be properly taken into account if the longitudinal com-

-50-@a-~-Iff O lo~ 3V4U 5060 708090
A4

(e) A-1.5.

Pmurm 5.-Concluded.
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attack fmm the wing root outbrmrd. ,
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(b) X=O.5.

“ Fmnm 6.—Contfnne&

ponents of a wing plan form are incrm”sedby the factor l/B.
Or, alternatively, if the linearized compressible flow equation
be divided through by 19s,then the lateral and vertical com-
ponents of a phm form ,me decreased by the factor I% In
both cases, the incompressible bcal lift is increased by- the
factor l/~ and the compressible lo&l lift coeffi~ient-can be
written as the parameter 194.

W@ the9e relations lmovm, an incomp*le theory
can be made into a compressible theory subjeot to the”
Limitations of the Iineaxized compressible flow equation.
The geometric parameters of a wing me simply sub-

stituted by &l, AP=tan-l ~ and @. ‘iW~h local hft

coefficient given by PCI, the dimensiodess loading
j9clc Czc

=—=—. The wing-chord distribution remains
becomes G 2/3b 2 b
unaltered.

The sonic speed r=ulta of referenoe 4 cm be used as a
Emit point in the present theory for a curve of the variation

of antiwymmetric aerodynamic. cha.rac-teristics-with Mach
number. The following equations apply at the speed of
sound to pkm forms with W points of the trailing edge. at
or behind the upstream line of maximum wing span:

can=+

&

.8

.5

.4

.
3

2
&
K==r

./

..—

For outboard ailerons,

cl, =+ Sing e,where q== 1—cob o

For inbowd ailerons,

Ct,=$ (1 —sins 0), where ?C=cos o

Reference 4 shows that aiIeron effectiveness at the speed of
sound is independent of the “chordwise-Iota.tion of the ai-
kron hinge Iine, provided the hinge line remains ahead of
all points of the trading edge.

ACOUEACY OF TM3 SEVEN-POINT S(lUITtON FOR .41LEECNS

The prediction of aiIeron effectiveness for given aileron
spans -with wing t-mist determined by zero-aspec&rat.io
theory at only seven span points to satisfy the boundary
conditions has been theoretically shown to be sufficient by
comparings results with the cumput-ation of a typical 3.5
aspect ratio, 45” “swept wing with 15 span points satisfying
the boundary conditions. The process of tiding aileron
spans for the 15-point method was the swne as that in
appendix C. The curves showing the tition of CIJwith
aileron span for the 7- and 15-point computations were,
identicaI.

The solution for the angle-of-attack distribution that
includes a discontinue@ can be mmpared with the soIution

—.

.-
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for the continuous angle-of-attack distribution by consid-
ering an aileron such that the angle-of-attack distribution
is equivalent to that of the rolling wing. The clan~ping-
in-roll coefficient then can be found by use of equat.ion (23)
which reduces to the form

J1di?,,
c,= —

o a dq ‘q

()pbfOr a= – TV yand integrating by parts
?

This relation states that C% is equal to the area between a
curve of figure 6 and the line of C!i for q= 1. The curves of
figure 6 were found by the simphfied lifting-surface theory
with antiqmunetric twist dete~ned .by zero-aspect-ratio
theury. The values of C obtained in this manner from

kfigure 6 were identical to t e Cl, values given by simplified
lifting-surface theory for continuous linear antispmnetrnc-
twist distribution.

As further theoretical check, the values of rolling moment
due to constant spanwise dihedral angle are obtained from
15-point computations in reference 3 for. taper ratio equal to
one, with which the present theory for the 7-point method
is in exact agreement.
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COMJ?MUSON OF TIIEORFiTKML &$ EXP SR131ENiAL WULTS

The electro-magnetic analogy method of reference 6
provides damping-in-roll cceflicients for an aspechrat-io
range of unswept, tapered wings. The resiks of the present
theory and those of reference 8 are compared in &me 14.
Except for the tapei ratio @ecti on C% the compafion is
g~d. The ro~ded-wing-tip vahwa of C% given by ~ACA
Rep. 635 (reference 1) are incIuded in @re 14. Since
rouuded ~ tips generally give ~u- of C ~ about 6
percent lomer then straight wing tips, the values of INACA
Rep. 635 appear to be appreciably too high for lower-aspect-
ratio wings. The present theory and the theory of refer-
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ence 6 approach the value gken by the zero-aspecbratio
theory of reference 4 quite satisfactorily. The results
of the present theory ma-y be further assessed by the com-
parison with the r-uh% of low-speed experiment as gi-ren
in figure 15 for the range of phm forms presented. For
further experimental verification of the accuracy with which
C can be determined by the present theory, the reader is

!re erred to reference 3 which supports the theory as well
or better than &ure 15 of the present report.

219627—5-s5
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c-l,

I -A=f

c+ ❑ -+$ >, ./”
Ret 4 \.,
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‘-Eflipse,ref 6. .

A Presenf fheory,A=O
------- Reference 6
_ ___ Reference f I

IZTmT
o 2 4 8 /0 /

:

Fmr= 14.-COm_ of demp@r4mzoII meffkient C% of the r#?mt t- tih Ume

of the theorfes of rekrences I, 4. and 6.

The loading distributions due to rolbg as given by the
present theory are compared in figure 16 with lovr-speed
experiment-alresults for a range of swept wings. The sweep
angle seems to have considerably more influence on loading
distribution as given by experiment than the theory indicates.
The experimental pressure data, however, were very erratic
and no ilrm conclusion can be made.

Experimental values of rolling effectiveness due to aiIeron
deflection are compsxed with theoretically predicted vahes
in a correlation diagram given by figure 17. Included are
the results of a wide range of plan forms wbkh do not vary
consisterdy with any geometric parameter or aileron con-
figuration. Sketches of the @n forms and aiIerons are
drawn about the points of correlation. The theory makes
use of the curve of figure 3 giving. da[d~ for a sealed-gap

aiIeron over a range of deflecting of + 10°. Experimental

results for aileron deflections greater than 15° measured per-

pendicular to the binge line were not included. The correla-

tion points of figure 17 scatter appreciably; however, the

mean line of the points doea appro.xiruate the line of perfect

correlation.

- Figure 17 does not account for efFekve plan-form change

due to da/d& Only the effectiveness of the low-aspect-htio
triangular wing of figure 17 is exceedingly in error, which is
the result of neglecting plan-form change.

The phm-form change due to dafdd c- in part, be” con-

sidered analogous to that due ta section lift-curve-slope
change. Thus, the totaI section lift of a wing, the chord of
which is reduced by da/d6and which is at an angIe of attack
~, is equal to the lift of the wing-aileron section for which
the aileron onIy is deflected at the angle & This change in
phm form, unlike the section lift-curve-dope chmge for

wbkh the chordwiae loading remains constant, does-not ac-
count for a Imge change in chordwiae loading. If the lifting
Iine is considered to be at the chordwise center of prwsure,
then, for partial-wing-pan aiIercns, the lifting line is in
effect broken at the aileron spanwise end and the present
theory becomes invalid. For the case of full-wing-span ai-
rerons, the lifting line in effect remains unbroken and lies
along the center of c-hordwise pressure. For this case the
wing chord can be reduced by dc@$ to account for plan-form
change; ho-irever, although im the limit of zero aspect ratio
the results are the same as those of referefice 4, this procedure “
does not with sticient accuracy account for the chordwise
loading shifting aft at intermediate aspect ratios. For con-
troI surfaces, the efieotive pkm-form change due to dcc/d8is
appreciable for the low-aspect-ratio wings such that in the
limit of zero aspect ratio the spanwise loading is independent
of the ratio of aiIeron chord to wing chord (reference 4).
However, for moderate aspect ratios, dci/d8can be.used with-
out accounting for plan-form changes as comparison with
experiment indicates.

Experimental valuee of C%/I’ are not compared with the
present theory since rekence 3 gives ample support of the
theory.

CONCLUDING RESIARKS

The determination of antisymmetric loading for arbitrary
wings is showmto be e@Iy obtained by the solution of three
simultaneous equations. The coefficients of the s-imnk-
neous equations are presented in charts of parameters that
include wing geometry, compressibility, and section Iift-
curve slope as arbitrary quantities. Thus the loading for
an arbitrary antisymmetric angle-of-attack distribution c-an
be simply found once the” angl~f-attack distribution is
chosen.

For the important cases of antispnmetric loading, roll,
and tieron deflection, the tmgIe-cf-attack distribution is
given and the simultaneous equations am formed. Loading
for these cases can be found by aimpIy obtaining from charts
the coefficients corresponding to the wing geometry, Mach
number, and lift-curve slope, inser&g in the appropriate
equations and solving. .

Integration formulas for the loading distributions are
given which enable the aerodymnic coefficients C% and Cl~

to be found. The rolling moment due to aidedip of a wing
with dihedral is shown to be equivrdent to that of aileron
deflection and a procedure for detmmhing its value is givem

For the special case of straight-tapered wings, the loading
&tiutiona and values of C% and C,aare given in the chart

form for a range of wing plan forms.
Experimental and theoretical vtication of “the theory

is shown to be good. The theo~ is applicable for Iarge
aerodynamic angIes, provided the flow remains unseparated.
The compressibility considerations are reliable to the speed
of sound subject to the Imitations of the linearized com-
pressible-flow equation.

Arms AERONAUTTCAL UOUTOBT,
3TATIONAL &mmoRY COWTTEE roR AJzRONAmCS,

MOFFETT bm, CAIJF., hanbm %, 1949.
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APP_IX A

EQUATIONS FOR TBi DETERMINA!ITON OF ANTISYMMETRIC LOADING

lTNSYMMETRIC LOADING

From NACA Rep. 921 (reference 2), the aerodynamic
loading is obtained by solution of linear simultaneous equa-
tions

()cc,= —
;,

=+% A,.Gn, .v=l,2, . ..7n (Al)

where
I’

‘=+
“(k2j

()&=~bti+ ~~, g,, for7L=P

() }
(A3)

=—2b,.+ ~ g,. for n+v
F

6,, and L are coefficients independent of pIan form. .

—1 L(il, o)fno+~(v,~+l)~?df+l+ ~ L@, JL)jnp
g’”=2(M+l) [ 2 p-l 1

(A4)

-where

fw are coefioieik independent of plan form.

The L (v,P) functions, which c-ahhave T, negative to ilnd
unsymmetrical loading, are given by

9

and

where

~ apanwim position at which downwash is computed
“= Cosm+l

5$= Cos ~ s anwiae position of incremental loading at the one-q uarter-ohord liie.
M+l p

The above equations involve computations over the entire
wing. Hovre~er, if the loading is assumed to be symmetric
or rmtis.pumetric, the computations can be reduced to less
than haIf the work- The csse of symmetric loading is
developed in reference 2 and the antisynunetxk case is

developed in the fo~owing sectiom

AN’nSYMM~EIC LOADEN=

For antispnmetric loading, the loading on each aide of the
wing has the same magnitude and distribution but with
opposite sign, or

et, =-a~+l-,

}

(A6)
Q,= —@tu~l.,, or Gm=—Gm~l.n

Equation (Al) can then be written as

m-1

cr,=~(A,n—A,.m~I-JGm - (A7)
‘A-L -

- m—1
-where the summation is only to ~~ since G~G=o for

ant.iaymmetricloading.
With equat.ions (A3), equation (A7) becomes “

[
a,= 2 (b,r—b,, =+l-J+(:) (&–g,, ~+l-p)] aP–

m-l

~~,’p (d,.–b,r ~+1-=)–(:) (&m–g,, .+l_JGn (As)

1343
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(The prime indicates the value for n=~ is not summed.)
Now, from eqikdion (A4)

[

L(v,o) (f?t.-fm+l-., 0) +g?il+s?,m+l-n= 2(h;;”l) 2

L@, M+ 1)(f., M+l–.fm+l-., W.1) +

~

where

(A9)

(Alo)

and

From equation (A9), jay–j~+l_,,, can be defined as

.f*rw=jn~–.fm+l-n, P .

then, using equation (Alo), ‘

and, since the terms of the summation for odd pI vanish,

From equation (Al 1),

.f*aP=Fa,M+l-P (A12)

C-ombining equation (A9) with (A12) and defining

g*?n=gvn—g”, m+l-.

then
Af-f-l —

where for P= Oand ‘~, j*n, is equal to half the vahws

given by equation (Al 1) in order that the products can be
fitted into the summation. With equation (A13), equation
(A8) can be written as

m-1

( b*)+(2+9*”W ‘A’4)ffP=2CP+;,9 ,V

m–l~= 1,2,3, ,.. — .,
2

where

P,= b,,–tb, m+,-,

C,n=b,n–b., m+,_.

From reference 2,

bm=
sin 4S

[ 11—(—1)”-’

(Cosl#.-cos (#%)’ 2(771+1)

which gives ,zero values for b,afor even
since m is odd, .

b –or,m+l-P—

and

C,= b,,

(n–v) values. ‘hw,

It should be noted th?t L(v,p) simplifies sonmwlmt for tho
a.ntispmetricaIIy loaded wing since q now is only positive
in equation (A5), If only positive vclues of ~ me usd, then
equation (A5) cm be written as

L“(v, /i)= L*r,=L(?l, Ii)+~(l?, –m

=L(lf p) +L(v, M+ ~–l-d

In summary, the foregoing analysis
tally loaded wing gives

a,=”~ p,,Gm

~=1,2,3, . .

where _

p,~=2b,,+$ g*,, for n=v

for the antisymmctri-

(A15\

m—l
. 2

(Al G)

=—2C,n+~ g*,mforn#v

$’,a=b,, – b,, ~+1-.

m+l
b,.=-

4 sm ~,

1–(_ 1)*-P

b“=(cos ;:–:0s 4,)’“[ 12(m+l) .

fl*,P=g*,= for n=v

.%f+1
-Z-

f/*,E=—
& go ‘*’J””

.,.-
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For M=m, ~W simplifies to

..

.

.-.

.—

For a discussion of the relative ac~urmies obtained for a
choice of dues of M and m, see reference 7. The most
favorable application is with .M=m.

.,

.
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APPENDIX B

DERIVATION .OF RELATIONS USED IN THE METHOD
APPIJCATIONOFAPPZNDIXA

With appendix A, the antisprnetrical loading on a plan
form for any antisymmetrical distribution of a, can be found.
The principal work in the computations is to obtain the co-
efficients of the simultaneous equations (A15). These co-
efficients can be presented in charts for the complete range
of geometric plan-form parameters in~ w&ch are introduced
the effects of. compressibility and section lift-curve slope.
With the loading due to rolling known, the coefficients and
derivatives are obtained by integration formulas.

Section lift-ourve-slope effect,-For a two-dimensional
wing with the loaded line at the quarter-chord position, the
position z aft of the loaded line where the induced dowrmash
equals the angle of att~.ckof the wing can be obtained by the
Biot Savart Law as

r, Cicv— where 17C=—‘=2UZ 2
or

or

then

where dcJda is the section lift-curve slope. Two dimen-
sional section compressibility effects that ~o not follow the
Prrmdtl-Glauert rule can be given consideration by taking
the ratio of (&Jda) C-rwnlblaat a h~ach n~ber tO 2di3.
Let K be the ratio of the section lift-curve slope at a given

hfach number to 27r/flor (dc~da)c~,,,,,,b,,= 2rK/i9,then

z= K(c/2)

Then the induced angle, K(c/2) aft of the loaded line, is
equal to the angle of attack of the wing. For K= 1, this
is at the three-quarter-chord line. For section lift-curve
slope less than 27, K is less than one and the downwash is
equal to the angle of attack at some point between the
onequarter- and threequarter-chord Iine.

To take into account t.hcsection lift-curve-slope variation
in the present theory, the downwash must be found at a
distance K(C/2)aft of the loaded ljne. From the formulas
of the summation in appendix A, i5/c, should be taken as
b/K,c,, where K, is the ratio of section fift-curve slope for a
given Mach number at span station V,to 2u/I?.

Derivation of parameters for p,.,—The p,. coefficients, as
defined by equation (Al 6) in appendix A, depend on plan-

1346

form geometry in the (b/c,)Lt= functions only, or p,s is a

function of b~c, and sweep angle. As previously shown,
h/c, is also a function of the spanwisc variation of section
fift<urve slope and is effectively equivalent to b/Kx,, Where

K, is the ratio of section lift-curve slope for a given Mach
number at span station v to 2r/& The I,* coefficients can
be plotted against b/K,c,with sweep angh? as a parametw’;
however, b/K,c,will vary from zero to very largo vahms for
a range of plan-form geometry, and the plots become un-
wieldy. For a range of aspect ratio, the values of tJ/Kx,
are a maximum for the zero tapered wings when ~,20.6
(provided plan-form edges are not concave) and a maximum
for the. invelse-tapered wings for q,<o.5. The ratio of
b/&c, for n,z 0.5 for any plan form to those of the zmo
tapered wing or the ratio of b/Kx, for ~,S0.5 for any phm
form to. those of the inverse-tapered wing givca a geo-
metric parameter for any plan form that has maximum
values that depend only on aspert ratio.

The chord distribution for straight-(.tipered wings is
given”by

A(I+A)
:=2[1–lqrl(l–A)l

(B1)

Then, for X=O,
b 1

z=2(l–lq.1)
. (B2)

and for x=1.5

(B3)

The ratio of it/Kx, to equations (B2) and (B3) gives,
respectively, a geometric parameter as

b/K,C.

(b/Ac,)~., ()
=2(1–q,) -& for 0.5<n,<l

bltc,c, 1(B4)
=2(2+ ?J,)

(b/Ac,)~-,.6 5 ()
~, for O< V,s O.5

Let H, be defined as two-fifths times the vrdues of equa-
tion (B4) (the fraction two-fifths is introduced to give 1-1,
the approximate values of 1),= to simplify plotting pro-
cedures), then adding effects of compressibility (see I)is-
cussion section)

where

. d,=4(1~q’) for 0.5 ~~,<1

4(2+~J for ()<q, <o.5

= 25
-.

(B6)
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For tapered wings, H, simp~es to

~ 2(1–q,)(l+k) & for ~ ~<q,<l
()‘=5[1–q,(l —x)] & - – -1.(B6)

2(2+q,)(l+A) Q for ~<q,<o s
()‘25[1 —qF(l—k)] G

Plots of p,= against H, in the range of Z=O to 4 viilI
give p,= coefficients for wings of any chord distribution for
aspect ratios up to 10 or 12.

Linear asymptotes of y,m,—For huge Yaluea of H,, the
pm functions become Iinearly proportional to H,. Since
this linear characteristic appears at- relatively low vtdues
of H,, the simple Iinear relation between pn and H,” is
quite usable.

The ~*~ function of appendix A is multiplied by b/c,

J-,m]...for,,q
( )()=;A+tm A L –~+:sid–e,

&tml; . . . for ~=q

zb

()
Z? 2 sin A

‘— – –;+~ . . . for ~=0
cos A c,

(m)

With tie values of equation (B7) substituted into equa-

tion (A16) the values of P,* for arbitrary sweep angIe we

obtained. Thus, for m=7, the following equation (B8)

gins vahwa for p,, as

pll= ( )-+1.026 tanii H,+7.968–1.494 Srnii+

0014tm++0-082(1-’m-
‘“68(’-’’WT7+
-( )“ 034 l—1~1+0.1717 tanz A

tan A

(0.851
PM=

)
~–2.901 tan A HI—3.138+1.080 siRL–

0034t+0034r.m- “-
OJ’’(-ZT-)

Pla=
( )

‘C;;:6+1.026 tanh H,+ O.129–O.869 s~A+

o.o’2~~$+o.”@~+

0068(1-’-+ “

“O’’(l-’= -

P21=( )
~+0.534 tan A H,–2.088–O.383 sin A–

0.018 tan;-O.088
(

1—%/1+0.0177 tk2A
tan A )

O-”4’(1-’’WW”-” - “-

0-037(1-’- ~

0.975p== ~H,+4.596–O.146 sin A-O.044 tan:+.

0’25(1-’-- -

( taum-
0044 1—>?’1+0.0294 tanzA

.

(4
0.”125 1–

)
1+0.0886 tan2A

tan A

(0.221p==
.)

~–O.534 tan~ H,–1.912+0.221 siR A+

0.107 tan $–0.044
(

1—1/1+0.0177 tanz A
tan A +

OO1’(l-’-+

“0044(1-’-

(–0.028
pal=

)
–0.164tan A HS+O.149+0.324 siR A+cos A

ooak,~;-ooaz(~-%’e)-

( )0163 l—~1+0.0886 tan2A
. tan A

0“7(1-”-+

paz=
( )

-+0.464 tan A Ea–1.570–O.389 sin A–

--

—-
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(40.082 tan;+ O.231 1–
)

1-+0.1717 tan2A
tan A

0082(1--- -

(0.628
P38= )

~- O.164 tan A H*+3.417+ 0.083 ”sinA+

ol’7’’n:-0s082(’”-~+
(0163 l—~1+0.0886 tans A

tan A )
+

0034(’-= (B8)

Linear spanwise distribution of (Kc),/(Kc)=~.—With the
condition tliat the product of section lift-curve slope and
wing chord varies linearly spanwise, then

‘b
‘=Ar [1 +(@/KE)~]

{ h,[I-(ti/&)~]},

where &is the aspect ratio based on the wing chord equal
to Kc. In equation (B9), H, is reduced to terms of two param-
eters. Expressions of A. in terms of aspect ratio for
straight-tapered wings and the distribution of section lift-
curve elope can be found.

For straight-tapered wings

‘b
‘=”CR (1+ x)

and since KCis linear

then

and equation (B9) becomes

[ 1 1 + (KzJXR)A

“=d” (.E+K::/1+~ 2{ l–q, ~l–(K=/KJk] } ’10)

The distribution of K for straight-tapered wings is given by

(Kc),_KE l–zJ, [l-(KT/IQ)X]
E,————

c, l–q, (l–x)
(B1l)

Equation @lO) is in tmma of two parameters given by

[

PA
1(K.+ K,X)/l +x

and (KT/KR)X. Solutions for spanwiee load-

ing in terms of,these two parameters and Adare valid for the
distribution of section lift-curve elope given by equ@ion
(Bll). Equation (B1l) indicates that at k=l, K, is a hear

function and at X=O, x, is a constant. For values of k

between Oand 1, K, is a curve in the region bc~wwm tlmiim?ar
hmction and a constant.

Equition “(BIO)-is given by figure 2 for m=7, but with

the ordinate given by the parameter - —----~-– J–--—————#A/[(KR+?~~)/(l +X)]

and the abscka by (K=/KE)h.
For the “case-of linear distribution of (KC), rmd straight-

tapered wings for which the chord and section lift-curvo
dope can be specified in three parameters, the loading and
associated aerodynamic characteristics can be. prcscntcd for
a range of, the parameters AP, BA/[(KE+KrX)/(1+ h)], and
(KJKIJh.

INTEGRATION OF ANTISYMMETRIC LOADING

Rolling-moment ooeffkient and derivatives,-Rolling-
moment coefficient is given by

s.
‘A 1 G (~ijd~fict=~ _* (3312)

where
;= cm+

which, by an integration formula,

J
1_lmd7=-~;~~~.foiR)s~Al (B13]

,

becomes
r~ A

~ Q=cos 4. sin 4a
~ci=’(??z+l) ..1

@A ~ Q. sin 24.
‘4(?n+l) ..1

Since the loading is antisymmetric, ~~+~=0, and

For spanwise loading due to rolling, the loading is found
as a function of pb/2V, then equation (B14) divided by
pb/2V givea -

m-l
. TPA ~ -

~ Gssin 2($.
~c’’=’(m+ 1) ..1

(BIi

where
t% Q/@b/2V)

The rolling moment due to ailerons VW Lm found in
appendix C.

Induced drag.-The induced drag coefficient is, with equa-
tion (B13), given by

w9A m
BCD,=DAJ1l~t@q=~ ~1 Gv~i,SiRtip

where at, is one-half the induced angle of the wing wako
given by equation (A14) for c,= ~, then for antisymmctric
loading ,

m-l m–l—

(
~A ‘ b,,G,2– G, ~C,n(7m) sin ~, (B16)f%=m+l~,
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where the prime indicates the -due of n= v is not summed.
Spanwise center of pressure .-’l%e center of pr~e on

the wing hdf panel is given by

4 s‘~di
o

Tc.l?.= s
..

‘Qd;
o

The numerator is equal to @3/PA E the ~ouriw series
for loading is assumed,

then

where agl are the Fourier coeflkients.
Loading-due-to-rolling funotion and interpolation table.—

The Fourier series that approximates the antiaymmet.ric
loading with only a few terms ia given by

(618)

The ~oading G. ia determined at span positions of 6=COS +.

where +== ~. Thea% are given by

WYththe quadrature formula of equation
(B19) becomes, for antisymmetric lo@ng,

m—1—

(619)

(B13), equation

@20)

For m=7, the ap, coefficients are equal to (for eves m)

ad=; (G1—G$

Equation (B18) with @21) cm be armng

—

(B21)

With equation (B22) the loading due tu rolling can be deter-

mined at any span position. ~t~ ~=~t=~ and t.abu-

Iating the factctrsof G=m ~ti, an interpolation table maybe .

obtained to determine loading at span station k.

TABLE Bl, emk

[m-~

+ ‘- ‘, . . ~

~k Owl 0.=1 II5S6 0.195

k

1f2 8/2 ~a 7/a

n
——

L------------- 0.S155 0.5444 -0.1622 0. ml
%-------------- –. Zio+3 .6!M -. 2i06
3-------------- . lm –: E .lW49 .81s5

Gk==& etiG. - @23)

Equation (B23) maybe used for interpolation of any form of
loading coeflkient, thus

(a=i$ie”(%)m (B24) “-:



DETERMINATION OF ANTISYifMETRIC WING

WING TWIST FOR A GIVEN AILERON SPAN

APPENDIX C ,
TWIST FORFINDINGSPANWISELOADINGDUETO AILERON DEFLECTION

The determination of loading for an angle+f-attack
clistributionthat contains a discontinuity by a method which
satisfies the boundary conditions at a finite number of pointa
can be made by increwing the number of points until the
solutions become sticicn tly accurate. For the method as
given in appendix A, the number of points that satisfy the
boundary conditions is given by m. For the large value of
m required for accurate results, the computations become
exceedingly Iaborious; however, a procedure using a moderate
value of m can be determined by use of a low-aspect-ratio
theory with which a wing twist can be found that duplicates
t.hcresults of the discontinuous angle-of-attack distribution.

A theoretical but relatively simple method of finding
spanwise loading due to inboard and outboard ailerona for
wings of 10w aspecttratio is given by reference 4. In the
present theory, as aspect ratio approaches zero, ga.. values
of appendix A become zero and the p,n coefficients given by
equation (Al 6) become constant or independent of plan-form
shape and equal to

p,,= —2CV.

p,,=2 b,, I
(cl)

These coefficients are givem by the relations under equation
(A15) and p,. can be tabulated.

TABLE Cl.-p,m

[For m-7 and A-II]
. .

I
1 I 2 I 3

10.4634 -a WM
: -&ow4 -I.”ka
3 -: E 43Z!.M

1 9 1 I I . ..

With equation (A15), antisymmetric loading can be found
for zero-aspect-ratio wings. As a comment on the accu-
racy of the present theory for m= 7, the solution of equation
(A15), with the A=O p.= values for loading due to rolling
gave the same vahes at the three swnispan stations as does

reference 4, namely, (3(4)= —
(pb/2V) Sin21#4

4
The zero-aspect-ratio theory of reference 4 shows that

all span loading characteri@ics are independent of plan-
form shape for zero aspect ratio. This independence “makes
that theory ideal for obtaining the boundary conditions of
the present theory for zero aspect ratio, which should apply
with the present theory for higher aspect ratios for which
plan-form shape hag an effect on spa.nwise loading. The
boundary conditions of the present theory are given by the
antisymmetric values of a, in equation (Al 5). The problem
is to find what antisymmetrical distribution of a, is re-
quired for the present theory to duplicate the exact loading

distribution given by reference 4 for a given aileron span.
The aileron spans are arbitrarily chosen for the present

theory as the mean value of the spanwisc trigonometric
coordinate of the downwash point at n section angle of
attack equal to zero. For m.=}, three aileron SF
defined for both outboard and inboard ailmom.
the aileron span, and 6 the spanwise point of
the aileron, then

~== 1—cos 0 for outboard ailerons

q== cos @for inboard ailerons

For the.present theory, the aileron spnns defined arc talm-
Iated as foIlows:

TABLE C2

I
Outbo8rd Intid

d

CW-” I II m Iv v VI. .

e ar h“ 7s k ~
G m G z 10 o–

v. 0.1395 0.4444 0.8040 0.555d o.N15 1. Wrm

L

For the aileron spans Iisted in table C2, the exact. span
loading distribution can be found from rcfmenw 4. With
the p,. values listed in table Cl and the exact values of
Gl, GZ, and .Qsfrom reference 4, equation (AI 5) gives tl~{!
twist required for the present theory to give tlw loading
distribution for each case listed in table C2 or

?=’04524(:)-’’’54(3-

1:=-2(3+5’5’8($9-2(9“’)
:=–1.5308

() ()
~ +4.3296 $

The spanwise loading distrilmtion from refcrrnce 4 for out- .
board ailerons is given by

sin *+

(?(+)
[–1 [8 =: (cos t#-cos 6) in 2 –

Odmu’d sin 8– #

2

Cmf?++.

(COS++COS e) h 2
~os8– @———

2

(C3)
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For the full-wing-span aikron, 19=~ or T== 1

(C4)

For inboard ailerons, with the same value of 8

R1-=[w..l-[vlo- “’)

With equations (C3), (C4), and (C5), the spanwise loading
(7,, Q,, and G, at span stations 4=T/81 r/4, and 3r/8, or
~=0.9239, 0.7071, and 0.3827 can be tab@ted for each of
the cases given in t.abie Cl?.

TABLE C2

! G.
-F il~l~C9se1

I c1
-7 I o.llael I 0.KMI 0.ala
(?2
7 i 0203 .2s30 . Wl

c%
-i .Olm .UK!2 . Wao

IT I v

.U& I .2404

aza I .8754

o.ma

.aki4

.3944

The twist distribution required for each case is obtained
with equation (C2) and table C3, tabulating

TABLE C4

iu Cm?I

~ 1111

n m m
~T

v m

i=
6 LW!2J aE713 mm o.O* o.012s L 0157

~
!3 .0174 . ‘aua7 .Wls –.0109 .91n4 .m

I
a
7 .m .Olae .~ “ L@3S L0251 L 1W7

T’i5t.hthe twist distribution given b; tabIe C4, equation (A15)
can be used to salve for spanwise loading due to ailerons for
any of the six cases.

EOUWG310~T DUBTO.41L~ROND~E(7110h-

The rolling moment is given by .

C,=+ JO”G (~) SiU2 ~d~ (C6)

For span loading due to ailerom, .&e Ioading distribution is
distorted sticiently such that the quadrature formula
given by equation @13) is not sticient.ly” accurate for
m=~ to integrate equation (C6). With equation (3318)

Cl=~A az (c’)

Expanding equation @18) for p=r/8, T/4, and 3T/8, or
obtaining Gl, G2,and Gain series of a’s, the. sum of the G’s
gives

.
~=~ (0.7071 G,-I-Q2+0.7071GQ +a,~–an+aw–a% (C8)

The higher harmonic coefficients can be put as factors of the
G=. The roLIing-momentcoefficient becomes

0.7071T

[
~+ (a14

1}
—h+a30-d Q

16 1.2071G3 a (C9)

When L-is defined as the coefficients of G.

C,= A(h,G,+hzGz+h,G3) (Clo)

The ratio of (alA–au+aW–a3J to (?. can be evaluated by
the zero-aspect-ratio theory. It is expected this ratio will
not vary appreciably with aspect ratio. From reference 4,
the loading series expmsion gives for equation @18)

These high harmonic coefficients are small, but are not
negligible for loading due to ailerons. The h. are tabulated
for each of the cases

TABLE C5

IAJ-4 “ b-l mId-=-l

i
;

,-.—I

.
i. .

—1

,
:

-,
.:.

--
!

-1

1.:

1,,
r

!

I I 0. laua

I

O.lasa

I

alma”
&

I

cL14&

I

0.140:
.1994 . lam

I

0.1402

hx
. Ma . Km

. MO .Ia88
. Ims

.13s3 .1400 law .13w’ It 1 I 1 I I 1 J
-—.

SPANWLSE LOADING DISTRIBUTION

The spanwise loading distributions due to the twist ‘“”-~

distributions of table C4 are found at three span stations,
and, since these loadings are not. W-repletelydefined by a few
terms of the assumed loading series, the values of loading-at
other span stations cannot be found accurately by direct
use of equation @23) and table ,Bl. For zero-aspect-ratio

wkgs, the spanwise loading distribution due to aileron
deflection is given to au span stations by e@ation (C3).
The Ioading distribution for other than zero-aspect-ratio
W@Y will fluctuate about the ~alue gven by equation (C3)
in a mauner similar to the manner that loading due to rolling
varies about the function sin 24, of zero-aspect-ratio theory.
Since the interpolation table of equation (B23) applies onl~
to loadings that. vary about. the function sin 24 the Ioding -
due to afieron deflection can be divided by the ratio of equa-
tion (C3) to sin 2# and the rewdt.ingloading will be appro~- ““=
imately given by sin 24.

.—

The zero-aspect-ratio values of equation (C3) can be
G(db l)efietabtiated as ratios of-.
am 24

(C12)
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The zero-aspect-ratio Yalueaof R. can be tabulated for each
aileron-span cas~ considered.

TAJ3LEC6.—RW
. .. . . . . . -, ---

Outid Iubokrd. -.

7:. . . . .. . . . .. . . . . .:

Casa I n KII Iv v VI

v.n o.leas 0.4444 0.W9 o.66s0 &aml Lm
—.
l....... – 0.1EU17a .2714
!4------- .l15m

0.3%’6 &&z 0.1749.Z9m o.335e
8-------- .t%w .WI .1104 .34s4 .3004.1446 .lm’a .,* ..s30il. .6673

The interpolation series of equation (B23) becomes

(3=2’49 (C13)

where 5=$ and e- are given by table B1. With R. tab-

kar
ulated, values of loading at span stations ~k=cos -- are

8
obtained.

T.4BLE c7.—Rk

d7+1$iii.
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